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Abstract
A large variety of forming processes is used in industrial manufacturing processes. The numer-
ical simulation of such processes puts high demands on the finite element technology. Usually
first order isoparametric elements are preferred because of their robustness and numerical
efficiency. Unfortunately, these elements tend to undesired numerical effects like ”locking”,
predominant in situations characterized by plastic incompressibility or pure bending. To over-
come this problem, several authors [1, 2, 4] propose finite element formulations based on the
concept of reduced integration with hourglass stabilization by applying the ”enhanced strain
method”. The main advantage of the proposed new isoparametric solid-shell formulation with
linear ansatz functions is the fact that the undesirable effects of locking are eliminated.
The previously described element technique can be applied to analyze specific problems of
high speed forming into a cavity: Working with contact surfaces discretized by first order finite
elements leads to discontinuities of the normal patch vector and, subsequently, to non-smooth
sliding [5]. In quasi-static forming processes these discontinuities will not influence the contact
forces noticeably. However, in dynamic investigations the sudden change of contact forces due
to the rough surface description leads to a very high acceleration of the contact nodes. To avoid
this effect, a smoothing algorithm will be described.
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1 Introduction
In mechanical engineering, e.g. in car industries, the development and optimization of forming
tools and their parameters according to the desired forming result is a cost and time intensive
factor of the production process. In order to reduce expensive try-out processes, numerical
tools, especially the finite element method, are applied before setting up the forming tools. The
numerical simulation of forming processes makes high demands on the finite element tech-
nology. Finite element formulations with low order ansatz functions are preferred due to their
numerical efficiency and robustness. Furthermore, they prove to be advantageous when auto-
matic meshing tools are applied.
During the forming process the structure underlies extreme bending. Furthermore, the ma-
terial shows nearly incompressible behavior during plastification. By using the standard finite
element formulation with linear ansatz functions (Q1) the undesirable effect of locking can be
observed. It leads to an overestimation of the stresses and an underestimation of the deforma-
tion. One possibility to overcome locking is the use of element formulations with high ansatz
order. However, then one can not profit from the advantages described before. In the field of
element technology modifications of classical low order finite element formulations are derived
to avoid the non-physical effect of locking. A possible strategy is the method of incompatible
modes. It is the basis of the enhanced assumed strain (EAS) concept [16]. Based on a mixed
variational principle additional ”enhanced” strains are introduced to avoid the non-physical con-
straint caused by the low order ansatz functions. In problems under compression numerical
instabilities might arise [17]. A second concept in finite element technology is the method of
reduced integration. The integration over a smaller number of integration points eventually
leads to non-physical zero-modes (hourglassing). For this reason an hourglass stabilization is
necessary. Several authors (e.g. [17, 1, 18] and [4]) have worked on reduced integration with
hourglass stabilization in combination with the EAS concept. The results are simple, robust,
and efficient element formulations. For the special context of sheet metal forming processes a
so-called solid-shell formulation with reduced integration and hourglass stabilization by means
of the EAS concept is derived. It only has displacement degrees-of-freedom and takes the
element thickness correctly into account.
In forming processes contact between work tools and workpiece occur. The treatment of con-
tact problems is an important aspect in the finite element analysis of forming processes. In
the context of the computational modeling we differentiate between deformable-to-deformable
contact (including self contact) and deformable-to-rigid contact. In the first case the description
of all contact surfaces depends on the discretized domain. Due to the use of modern and ef-
ficient element formulations only a relative coarse mesh is necessary. By using finite element
formulations with linear ansatz functions contact surfaces are modeled as being piecewise lin-
ear. This leads to a non-smooth normal patch vector and to non-smooth sliding. We observe
sudden changes of contact forces and jumps in the velocity field. Furthermore, using an implicit
time integration a divergence of the Newton-Raphson scheme and numerical instabilities might
arise.
To avoid these non-physical effects, various approaches to smoothen the contact surface are
developed. For two-dimensional cases in [5, 8] the interpolation polynomials are defined at the
midpoints of neighbored element edges, whereas in [7, 9] the element nodes themselves are
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used. In the first case the contact interface lies inside the discretized domain and in the second
case it is modeled at the outside. Three-dimensional smoothing procedures are formulated by
[10, 12].
The contact formulation presented here follows geometrically the smoothing strategy of [5] for
the two-dimensional case. The contact interpolation is carried out by cubic Hermite ansatz
functions. The new aspect in this approach is the smoothing of slave surface and master sur-
face as well. This leads to a quasi-segment-to-segment approach with six nodes per contact
element (three for the slave segment and three for the master segment). The contact interface
can be correctly taken into account by using a gauss integration over the slave surface.
2 Solid-shell formulation
The basic equation set of continuum mechanics will be given here for the dynamic case without
damping
Div P + ρ0 (bv − u¨) = 0 (1)
P − ∂W
∂H = 0 (2)
H −Grad u = Henh = 0 (3)
Equation 1 denotes the balance of linear momentum, in which ρ0 is the reference mass density
and ρ0bv the vector of volume forces, e.g. the gravity. In the constitutive equation (Equation
2) W = W (H,X) defines the strain energy function as a function of the total strain H and the
vector of internal variables X. Ph is the first Piola-Kirchhoff stress tensor. The total strain H is
additively decomposed into the compatible strain Grad u and the enhanced part Henh, compare
Equation 3. The index h denotes the finite element discretization of the domain. Starting point
of the solid-shell formulation is the two-field functional
g1(uh,Hhenh) =
∫
Bh0
˜P(Hh) : Grad δuh dV +
∫
Bh0
ρ0 u¨ δu
h dV − gext = 0 (4)
g2(uh,Hhenh) =
∫
Bh0
˜P(Hh) : δ Hhenh dV = 0 (5)
in which the displacement vector uh and the tensor of enhanced strains Hhenh are the indepen-
dent variables. The term gext includes the virtual work of the external forces. In the following all
values are given in matrix notation. The interpolation of Hh does not differ from the one chosen
for the hexahedral element formulation proposed by [14]:
Hh = (Blin + (j10 L1hg + j20 L2hg) Mhg) Ue︸ ︷︷ ︸
:= Hhcomp = Hhlin + Hhhg
+ j10 L1enh We︸ ︷︷ ︸
:= Hhenh
(6)
It is well known that the hourglass part Hhhg of the compatible strain tensor Hhcomp includes
the locking behavior, whereas the linear part Hhlin does not include any constraints which lead
to locking. For the definition of variables used above, see [3]. In contrast to classical finite
element formulations the Jacobian matrix is always evaluated in the center of the element.
Further modifications avoid volumetric locking [15].
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At the present point of the derivation the formulation does not differ majorly from [15]. However,
the analysis of thin structures with only one element over the thickness is the main target of the
development of the formulation from the numerical point of view. So the main question is how
to transfer the three-dimensional formulation into a solid-shell concept. A good description of
the stress state over the thickness is very important. The first Piola-Kirchhoff stress tensor has
to be non-linear in thickness direction. For this reason a Taylor expansion is carried out with
respect to the point ξT = {0,0, ξ}, see Figure 1. In this way the non-linear dependence on ζ
is retained in the constitutive qualities, namely the stress Ph and the tangent A. This leads to
the split
Ph ≈ Ph
∣∣∣
ξ=ξ
+
∂Ph
∂ξ
∣∣∣∣
ξ=ξ
(ξ − 0) + ∂P
h
∂η
∣∣∣∣
ξ=ξ
(η − 0) (7)
= Ph + Ah ( ( j10 L1hg + j20 L2hg) Mhg Ue + j10 Lenh We) (8)
of the stress tensor. Ph is non-linear in the thickness direction ζ and independent of ξ and η.
Figure 1: Solid-shell element
The second term is non-linear in ζ and linear in ξ and η. The stresses are therefore non-linear in
thickness direction and linear in the shell plane. Ah denotes the derivative of ˜P(Hh) with respect
to the total strain Hh (consistent tangent). At the element level the following steps are executed:
The identification of the thickness direction will be performed by a coordinate transformation.
Furthermore, the analysis of the enhanced degrees-of-freedom is necessary. Using Equation
8, they are determined by the non-linear equation
Rw =
∫ ζ=+1
ζ=−1
ˆLζT j1T0 Ph dζ 4J0 (9)
for Wζe and the linear equation
Wξηe = −Kww Kwu Ue (10)
for Wξηe . Due to the linearity of Equation 10 only a reduced number of enhanced degrees-of-
freedom, namely the three values Wζe, have to be saved as history variables.
The differential equation
RuG(U) + Kstab,G U + MG ¨U − Fext = 0 (11)
which finally results from the weak form, has to be analyzed in every time step. In comparison
to the classical form, the product of the stabilization matrix Kstab,G and the global displacement
vector U is added. The element stabilization matrix Kstab,e has the form
Kstab,e =
∫

BTdefABdef dξ dη (12)
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In the context of implicit time integration Equation 11 is usually solved by means of the Newton-
Raphson iterative algorithm. This makes it necessary to compute the derivative of A with
respect to the deformation. In order to avoid this elaborate task, we replace A by an artificial
stiffness A,art with the form
A,art = µ
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
•
•
•
• •
• •
• •
• •
• •
• •
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(13)
is used. It basically depends on the coefficient µ. Its lower border is given by
µ = µ ˜H/( ˜H + E) (14)
in which µ denotes the shear modulus, ˜H the hardening parameter at the beginning of plasti-
fication, and E the Young’s modulus. To avoid the given estimation, we currently work on an
adaptive computation depending on the degree of plastification.
The advantages of the given solid-shell formulation can be summarized as follows:
• In the element formulation given above the undesirable effect of locking is eliminated.
• The computational cost reduces noticeably: In sheet metal simulations the need of only
one element over the thickness leads to a reduced number of elements. Due to the use
of only two gauss points per element a smaller number of loops at the element level is
necessary.
• In the case of electromagnetic forming a simplified search algorithm for the identification
of the sheet metal in the discetized domain can be applied.
• The element formulation takes the sheet thickness correctly into account. This is advan-
tageous for the use in contact simulations.
3 Two-dimensional C1-continuous six-node contact element
The general framework of the continuum-based finite element formulation for large deformation
contact can be found in [13]. We follow the classical master-slave technique and assume the
contact of two bodies Bγ , with γ = 1 for the master-body and γ = 2 for the slave-body, see
Figure 2. The constraint equations are formulated with respect to the deformed configuration.
The reference state vector Xγ and the displacement vector uγ lead to the current coordinates
xγ = Xγ + uγ . For every given slave point x2 on the slave surface βc2 a corresponding master
587
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Figure 2: Contact kinematic
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Figure 3: Smoothing concept
point x1 on the master surface βc1 has to be found. Assuming a convex surface description of
a two-dimensional problem, the minimum distance problem
|gn| = ‖x2 − x1‖ = min‖x2( ˆξ) − x1(ξ)‖ (15)
has to be investigated. x2( ˆξ) denotes the current slave node depending on the gauss point
coordinate ˆξ and x1(ξ) is the master node at the convective solution coordinate ξ. The unit
outward normal vector at the master surface can be defined as
n1(ξ) := t
1(ξ) × e3
‖t1(ξ) × e3‖
(16)
in which the cartesian basis vector e3 indicates the outward normal vector on the sheet plane.
The tangent vector is computed by
t1(ξ) = ∂x
1(ξ)
∂ξ
‖∂x
1(ξ)
∂ξ
‖
−1
(17)
If non-linear contact surface descriptions are used, Equation 15 leads with
[x2( ˆξ) − x1(ξ)] · ∂x
1(ξ)
∂ξ
= 0 (18)
to a non-linear equation system. The gap function
gn = [x2( ˆξ) − x1(ξ)] · n1(ξ) (19)
declares the contact condition between the slave and master node. If gn > 0 no contact holds,
for gn = 0 perfect contact, and if gn < 0 penetration occurs.
As depicted in Figure 3 we model the contact smoothing along the element edges in a similar
way to [5] and [10]. The starting point xa and the end point xb of the contact segment are
defined by
xi =
2∑
k=1
Nk(φi) xk , i = a, b (20)
in which Nk (k = 1,2) denote the classical linear ansatz functions, see Figure 4, and xk the
nodes of the adjacent element edge. φa and φb are user defined convective coordinates. Using
a cubic Hermite interpolation, e.g. [11], the contact segment
x(ξ) = H1(ξ) xa + H2(ξ) xb + H3(ξ)βa la ta + H4(ξ)βb lb tb (21)
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with the weighted tangents
la ta =
1
2 (x2 − x1) and lb tb =
1
2 (x3 − x2) (22)
at the starting point xa and the end point xb is defined by the Hermite functions
H1(ξ) = 14 (2 − 3 ξ + ξ
3), H3(ξ) = 14 (1 − ξ − ξ
2 + ξ3),
H2(ξ) = 14 (2 + 3 ξ − ξ
3), H4(ξ) = 14 (−1 − ξ + ξ
2 + ξ3), (23)
the factors βa and βb and the element nodes x1,x2 and x3 of the discretized domain. For
simplification reasons we define βa = βb = β. In contrast to other authors ([7], [9]) the slave
contact surface as well as the master surface is smoothed, see Figures 3 and 5. This leads to
a quasi-segment-to-segment approach discretized by a six-node contact element formulation.
Using Equation 22 and 23, Equation 21 reduces after rearranging to
x2( ˆξ) =
3∑
k=1
ck( ˆξ) x2k and x1(ξ) =
3∑
k=1
ck(ξ) x1k (24)
for the current slave node x2( ˆξ) at the gauss point ˆξ and its master node x1(ξ). The coefficients
ck (k = 1,2,3) include the Hermite ansatz functions as well as the definition of the starting point
and the end point of the current segment. A gauss integration over the slave segment allocates
the contact constraints over the contact element nodes. The path length between x2a and x2b is
defined by ∫ s2b
s2a
(•) ds2 =
∫
ˆξ=1
ˆξ=−1
(•) detJ d ˆξ ≈
ng∑
k=1
(•)|
ˆξ wk det Jk (25)
in which wk denotes the weighting factor and ng the number of gauss points over the slave
segment. The determinant of the Jacobian matrix
det Jk = ‖ ∂ x
2( ˆξ)
∂ ˆξ
‖ (26)
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maps between the physical and the convective coordinates.
The classical weak form [13, 5] of the normal contact contributions for the penalty method
Gc =
∫
β2

n gn δgn dA
2
=
∫
β2

n gn n
1(ξ) · [δu2 − δu1(ξ)] dA2 (27)
depends on the penalty parameter 
n for the normal contact, the gap function gn and the vari-
ation of the displacement vectors δu2 and δu1(ξ). Discretizing the contact contribution given
in Equation 28 by means of the smooth six-node contact element formulation described above
leads to
Gc ≈
ns∑
j=1
ng∑
k=1

n gn,k n
1(ξk) · [δu2( ˆξk) − δu1(ξk)] wk det Jk (28)
where ˆξk denotes the kth gauss point coordinate of the jth slave segment and ξk the convec-
tive solution coordinate at the contact segment to the given slave node. If contact occurs there
exists only one master segment according the current slave node.
The advantages of the given two-dimensional smooth six-node contact element can be sum-
marized as follows:
• The smooth contact surface description approximately re-establishes the natural surface
of the bodies coming in contact. It leads to a smooth computation of the normal vector
and works independently of the finite element formulation and its ansatz functions.
• In this way artificial jumps in the contact constraints over the iterations are avoided and,
consequently, in the displacement field and its derivatives. A better convergence of the
Newton-Raphson scheme can be achieved.
• Smoothing the slave surface as well as the master one leads to a quasi-segment-to-
segment approach. A correct integration over the contact surface is possible.
• The given contact formulation allows the implementation of contact material laws at the
slave surface.
4 Numerical examples
The numerical examples present simulations of an electromagnetic forming process. The
geometry of the workpiece is depicted in Figure 6. The material parameters of the aluminum
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Figure 6: Workpiece, tool coil and die [21]
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alloy AC 120 can be found in [19] and [20]. A viscoplastic material model based on a classical
overstress formulation is used. To simulate electromagnetic forming, additional terms have to
be considered in the balance equations. In the balance of linear momentum so-called Lorentz
forces are introduced and in the balance of energy the electromotive power has to be consid-
ered. The additional unknown variables are the vector potential and the scalar potential.
In the first simulation we analyze the free forming process using the three-dimensional solid-
shell formulation described above. The study of convergence in Figure 7 shows that already
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Figure 7: sheet midpoint displacement
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Figure 8: displacement node 81
a mesh with 112 elements (for the quarter structure) leads to a converged result. Depicted is
the displacement of the sheet midpoint over time. At the beginning of the forming process the
sheet metal is accelerated over the tool coil caused by the Lorentz forces. After that the work
of deformation is done by the mass inertia (kinetic energy). In Figures 9 and 10 the Cauchy
Figure 9: Cauchy stress at t = 55 µs Figure 10: Cauchy stress at t = 70 µs
stresses at the times t = 55 µs and t = 70 µs are depicted.
The second simulation uses the same parameters given before. We compute the forming
process by using the axissymmetric version of the solid-shell concept. The die restricts the
forming geometry by an angle of 35.7 degrees. It is approximated as a rigid surface. We
compare a piecewise linear contact description (see Figure 11) and a formulation using cubic
Hermite ansatz functions (Figure 12) to discretize a radius of 5 mm of the die. In Figure 13
and 14 different states of deformation are depicted. A study of convergence for the horizontal
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Figure 11: Piecewise linear contact
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Figure 12: Smooth contact
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Figure 13: Deformation at t = 40 µs
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Figure 14: Deformation at t = 80 µs
displacement of node 81 is given in Figure 8. We start discretizing the radius with one contact
segment (lin1e and smo1e). Already two smooth contact segments are necessary to achieve
a nearly converged result. In comparison to this using the linear discretizing four segments
are necessary. Furthermore, the usage of the Hermite contact formulation leads to a better
convergence behavior of the Newton-Raphson scheme during the implicit time integration.
5 Conclusion and Outlook
In the present paper two aspects of modeling high speed forming processes by means of the
finite element method are described. The first one enfolds the formulation of a solid-shell ele-
ment using a reduced integration schema and a physically oriented stabilization technique. The
second aspect deals with a smooth contact formulation suitable for modeling impact processes
present at the electromagnetic forming. The element as well as the contact formulation was
successfully implemented into a commercial finite element code in order to demonstrate the
capability as well as the convergence behavior separately. Future work will be done to combine
both beneficial developments into one code in order to simulate the high speed forming process
of electromagnetic forming in a time-efficient, robust way without looking effects and numerical
oscillations due to contact condition.
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